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Linear and weakly non-linear inverse problems
Objective function

In order to solve a linear or weakly non-linear inverse problem
which is (a) under or mixed determined and (b) has data errors
with a Gaussian distribution, one possible objective function is:

S(m) = Ψ(m) + εΦ(m) + ηΩ(m)

where

Ψ(m) = (g(m)− dobs)T C−1
d (g(m)− dobs)

Φ(m) = (m−m0)T C−1
m (m−m0)

Ω(m) = mT DT Dm



Linear and weakly non-linear inverse problems
Objective function

In general, we are faced with an ill-posed problem that has data
noise and may be non-linear.
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Linear and weakly non-linear inverse problems
Common solutions

Gauss-Newton:

δmn = −[GT
n C−1

d Gn +∇mGT
n C−1

d (g(mn)− dobs)

+εC−1
m + ηDT D]−1[GT

n C−1
d [g(mn)− dobs]

+εC−1
m (mn −m0) + ηDT Dmn]

Quasi-Newton:
δmn = −[GT

n C−1
d Gn + εC−1

m + ηDT D]−1[GT
n C−1

d [g(mn)− dobs]

+εC−1
m (mn −m0) + ηDT Dmn]

Generalised subspace:
δm = −A[AT (GT C−1

d G + εC−1
m + ηDT D)A]−1AT γ̂

Damped and smoothed least squares:
δm = [GT C−1

d G + εC−1
m + ηDT D]−1GT C−1

d δd



Linear and weakly non-linear inverse problems
Objective function



Linear and weakly non-linear inverse problems
Common solutions

Maximum likelihood or Stochastic inverse

δm = [GT C−1
d G + C−1

m ]−1GT C−1
d δd

Damped least squares (DLS)

δm = [GT C−1
d G + εC−1

m ]−1GT C−1
d δd

An equivalent approach is to find the least-squares solution of: C
− 1

2
d G
√
εC

− 1
2

m√
ηD

 δm =

C
− 1

2
d δd
0
0


Application of SVD or iterative solvers like LSQR could be used
to solve the equation as they can equally well be applied to
non-square systems and will solve the equations in a
least-squares sense.



Linear and weakly non-linear inverse problems
Iterative non-linear approach
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Linear and weakly non-linear inverse problems
Solution robustness

Resolution and posterior covariance

R = G−gG

R = [GT C−1
d G + εC−1

m + ηDT D]−1GT C−1
d G

CM = G−gCd (G−g)T

Synthetic reconstruction tests

Jackknife and Bootstrap

Linear and iterative non-linear sampling



Linear and weakly non-linear inverse problems
Summary

Strengths
Can tackle very large problems (10s of millions of data
measurements, millions of unknowns).
Quantitative and qualitative estimates of posterior
covariance and resolution relatively simple to generate.

Weaknesses
Only applies to linear or weakly non-linear inverse
problems
Solution non-uniqueness a major issue
Regularisation tends to be ad hoc and methods for
assessing solution uncertainty often of limited value.



Transdimensional tomography
Motivation: non-linearity, non-uniqueness

Multi-modal data misfit/objective function.

What value is there in an optimal model?



Transdimensional tomography
Bayes’ theorem

All information is expressed in terms of a probability density
function.

Bayes’ rule (1763)

p(m|d, I) ∝ p(d|m, I)× p(m|I)
Posterior probability density ∝ Likelihood × Prior probability
density



Transdimensional tomography
Typical parameterization



Transdimensional tomography
Solution

Unknowns to be inverted for include:

Velocity: Constant velocity value in each cell

Location: Coordinates of all Voronoi nodes

Number of parameters: Number of Voronoi cells

Data errors: Hyper-parameters defined by
Cd = f (h1,h2, ...). The simplest case is h1 = σ, the
standard deviation of the data errors.

In order to sample the posterior PDF, we use a variant of the
Metropolis-Hastings algorithm commonly referred to as
reversible-jump Markov chain Monte Carlo (rj-McMC).

In the case of traveltime tomography, ray geometries can be
updated infrequently for weakly non-linear problems, or
frequently for fully non-linear problems.



Transdimensional tomography
Example - Tasmania
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Transdimensional tomography
Example - SE Australia

Phanerozoic crust in eastern Australia12,20 (Figure 2). The position of
the fault is largely equivocal at the surface since it is buried by
younger sediments and in some areas, particularly south of the
Grampians Ranges, becomes challenging to identify using aeromag-
netic data. However, the period-dependent maps in Figure 2 reveal
the margin to be a major discontinuity, possibly east-dipping, that
extends in depth to at least the mid-crust. It becomes a less dominant
feature at 25 km depth (Figure 3), perhaps either failing to persist at
depth or, more likely, passing down into crust of low velocity contrast
and flattening in dip to be truncated by adjacent sub-parallel struc-
tures such as the Moyston Fault (mf). The Moyston Fault dips
east21,22, and, together with a probable former northern extension
adjacent to the Precambrian Curnamona Province (CP) - a position
now overprinted by the younger Koonenberry Fault23 (kf) - appears

to be a crustal penetrating fault that forms the western boundary of
the Lachlan Orogen6 (Figures 1 and 2). In the central-upper part of
the model we find a clear low velocity anomaly located in the upper
crust, which correlates with the back-arc Darling and Newell basins
(DB). According to Moresi et al.7, these were filled after the subduc-
tion zone became congested by the continental fragment and the slab
started to tear. This crust is known to have undergone some thin-
ning24, which may mean that the high velocities recorded in this area
at 25 km depth are due to a shallower Moho (Figure 3). Alternative
possible explanations include the presence of remnant underplated
oceanic lithosphere; a lower crust dominated by Silurian back-arc
rift-related volcanics, as seen in other Silurian basins in NSW25; or
else a Proterozoic fragment detached from the supercontinent
Rodinia during the break-up of Gondwana-Laurentia, which was

Figure 2 | Group velocity maps. Maps of 6, 8, 12 and 16 s period Rayleigh wave group velocity. The tectonic boundaries from Figure 1 are shown.

Acronyms are identical to those used in Figure 1, with the addition of BB and GB that indicate Bass and Gippsland basins respectively. White arrows point

to the transition from Precambrian to Phanerozoic terranes. Peak sensitivity of the group velocity maps to shear wavespeed occurs at a depth

approximately equal to the period in seconds multiplied by 1 km/s. Therefore, 6 s is equivalent to ,5–7 km in depth, 8 s to ,7–10 km, 12 s to ,10–

15 km and 16 s to ,15–20 km. Maps were created and velocity data were elaborated using Esri’s ArcGIS platform (http://www.esri.com/software/arcgis).
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